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PREFACE 


The  research  reported  in  this  Memorandum  is  part  of  a  general 
study  of  the  radiation  emitted  by  charged  particle  beams. 

The  Memorandum  discusses  the  impact  radiation  ( ”bremsstrahlung,f ) 
emitted  during  the  collision  of  low-energy  electrons  with  neutral  atoms 
and  molecules.  The  study  will  be  of  general  interest  to  persons 
studying  the  interaction  of  matter  and  radiation. 


SUMMARY 


This  Memorandum  discusses  the  brems strahlung  radiation  emitted 
during  the  collision  of  low-energy  electrons  with  neutral  atoms  and 
molecules.  The  discussion  is  limited  to  the  case  of  low-energie§ 

E  -  1  ev,  and  soft  photons,  "lieu  «  E,  where  E  is  the  electron  kinetic 
energy,  and  o  is  the  radiation  frequency.  The  breasstrahlung  rate 
is  expressed  in  terms  of  the  elastic  scattering  amplitude,  and  use 
is  made  of  various  experimental  and  theoretical  studies  of  the  low- 
energy  elastic  scattering  of  electrons  by  neutral  atoms  and  molecules. 
Tile  rate  o.i.  bremsstrahlung  emission  from  a  partially  ionized  gas  due 
electron— neutral  collisions  is  calculated,  and  the  results  are 
presented  in  Eqs.  (20)  and  (22).  In  Eq.  (29)  the  electron-neutral 
brems strahlung  rate  is  compared  to  the  electron- ion  bremsstrahlung 
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I,  IimODUCTION 

The  emission  of  bremsstrahlung  radiation  during  the  collision  of 
electrons  with  neutral  atoms  and  molecules  is  one  of  the  oldest  prob¬ 
lems  in  quantum  electrodynamics ,  and  has  been  the  subject  of  extensive 
research, ^  Theoretical  studies  of  this  process  have  almost  invaria¬ 
bly  been  based  on  the  representation  of  the  neutral  target  system  by 
a  screened  coulomb  field.  This  representation,  which  neglects  any 
effect  the  incident  electron  may  have  on  the  electronic  cloud  of  the 
atom  or  molecule,  is  adequate  so  long  as  the  incident  electron  has  an 
energy  significantly  greater  than  the  energies  of  the  bound  electrons 
of  the  target  system. 

Recently ,  because  of  various  applications  in  atmospheric  and 
space  physics,  there  has  been  interest  in  the  bremsstrahlung  associated 
with  very  low-energy  electrons,  having  energies  much  less  than  the 
energies  of  the  bound  atomic  or  molecular  electrons.  For  this  region 
of  energies  the  theoretical  calculations  based  on  a  screened  coulomb 
field  are  no  longer  adequate,  since  the  incident  electron  strongly 
distorts  the  electronic  cloud  of  the  target  atom  or  molecule.  This 
distortion  produces  induced  dipole,  and  higher-order  inultipole,  fields 
surrounding  the  neutral  target  system.  These  induced  fields  alter 
the  effective  potential  acting  on  the  incident  electron,  and  thereby 
change  the  character  of  the  collision  process.  An  understanding  of 
the  low-energy  bremsstrahlung  is  further  complicated  by  the  scarcity 
of  experimental  information  in  this  energy  region. 

The  purpose  of  this  Memorandum  is  to  exbend  the  theoretical  dis¬ 
cussion  of  bremsstrahlung  into  the  very  low-energy  region,  with 
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particular  emphasis  on  electron  energies  below  1  ev.  The  present 
discussion  will  he  limited  to  the  soft-photon  case,  ^a-r.  «  E,  where  E 
is  the  electron  kinetic  energy,  and  m  is  the  radiation  frequency. 

For  this  case,  the  hr ems strahlung  matrix  element  may  he  expressed 
directly  in  terms  of  the  elastic  scattering  matrix  element, ^  a 
relationship  which  is  discussed  in  Section  II.  (For  comparable 
to  E,  there  is  no  direct  relation  between  the  hr ems strahlung  and 
elastic  scattering  matrix  elements.  This  greatly  increases  the 
difficulty  of  the  problem,  which  is  the  reason  for  not  considering 
that  case  here.  )  Use  may  then  he  made  of  the  recent  theoretical 
and  experimental  work  on  the  low-energy  elastic  scattering  of  elec¬ 
trons  by  neutral  atoms  and  molecules.  (Reference  3  gives  a  partial 
review  of  this  work. )  In  particular,  for  very  low  energies  the  rate 
of  emission  of  hr ems strahlung  radiation  may  he  expressed  in  terms  of 
a  single  parameter,  the  S-wave  scattering  length  for  the  electron- 
atom  or  elec tron- molecule  system.  The  scattering  length  is  then 
obtained  from  theoretical  or  experimental  determinations  of  the  zero- 
energy  scattering  cross-section.  This  is  discussed  in  Section  III. 

The  scattering  length  approximation  is  correct  for  all  neutral 

systems,  atomic  or  molecular.  For  the  case  of  spherically  symmetric 

atoms,  i.e.,  atoms  with  a  ground  state  of  zero  angular  momentum,  it 

is  possible  to  extend  the  br ems strahlung  calculation  to  higher  energies 

by  use  of  the  modified  effective-range  theory  developed  by  O'Malley, 

(4  5) 

Rosenberg,  and  Spruch.  9  This  theory,  which  takes  into  account 
the  polarization  effects,  represents  the  scattering  cross  section  as 
an  expansion  in  powers  of  the  incident  electron  momentum;  the  leading 
term  of  this  expansion  is  the  scattering  length  approximation.  In 
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Section  IV,  this  modified  effective-range  theory  is  employed  to 
extend  the  bremsstrahlung  calculation  to  the  next  higher  order  in 
the  electron  momentum.  This  extension  introduces  one  new  parameter, 
the  atomic  polarizability,  which  is  readily  available  from  experimental 
and  theoretical  studies. 

The  calculation  in  Section  IV,  though  only  rigorous  for  atoms  of 
zero  angular  momentum,  serves  as  an  order  of  magnitude  check  on  the 
region  of  validity,  for  all  atomic  and  molecular  systems,  of  the 
scattering  length  approximation.  The  results  obtained  there  indicate 
that  the  scattering  length  approximation  is  adequate  for  energies 
below  about  10~^"  ev  for  all  scattering  systems  with  the  possible 
exception  of  molecular  nitrogen.  The  results  also  suggest  that,  for 
those  atoms  to  which  it  applies,  the  calculation  based  on  the  modified 
effective  range  theory  should  be  adequate  up  to  energies  of  the  order 
of  1  ev. 

For  the  case  of  Np,  the  region  of  validity  of  the  scattering 
length  approximation  is  uncertain  due  to  experimental  discrepancies 
in  the  determination  of  the  scattering  length.  Since  this  is  an 
important  case  for  atmospheric  problems,  it  is  considered  in  more 
detail  in  Section  V,  where  the  bremsstrahlung  rate  obtained  from  the 
various  experimental  determinations  of  the  scattering  cross-section 
is  calculated. 

As  an  application  of  the  results  obtained  in  this  Memorandum, 
in  Section  VI  the  rate  of  electron- neutral  bremsstrahlung  and  the  rate 
of  electron-ion  bremsstrahlung  in  a  partially  ionized  gas  are  compared. 
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II.  RELATION  OF  EREMSSTRAHIUNG  TO  SCATTERING 
The  differential  cross  section  for  hremsstrahlung  is  given  "by 


where  V  is  the  normalization  volume,  v  is  the  incident  velocity, 
is  the  hremsstrahlung  matrix  element,  and  the  density  of  final  states, 
assuming  non-relativistic  electron  energies  and  'fe  «  E,  is  given  hy 


—  -rC  ^  an  ,  cirjL.  aw  (2) 

(2jt )°  •'P  Qp  P  ^ 


where  dD  /and  dd  are  the  differential  solid  angles  for  the  recoil 

P  K. 

electron  and  photon,  respectively,  and  m  is  the  electron  mass. 

For  non-relativistic  electron  energies,  and  for  <fiu)  «  E,  the 
hremsstrahlung  matrix  element  can  he  expressed  in  terras  of  the  scatter¬ 
ing  matrix  element  as 

o 


«B  =  (HvP  '  <P  -  P'>  «S 


(3) 


where  Gaussian  units  are  used,  e  is  the  photon  polarization,  and  P  and 

are  the  incident  and  final  electron  momenta.  (Equation  5  is 

essentially  the  non-relativistic  limit  of  Eq.  16-3  in  Ref.  2,  differing 

only  In  the  normalization  and  choice  of  units.)  Using  this,  and 

(6) 

expressing  M0  in  terms  of  the  scattering  amplitude  f(q)  as  ^ 

O 
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2jtfi2 

mV 


F(e) 


(b) 


the  expression  for  the  brerastrahlung  differential  cross  section  is  then 


|g;  l~  •  (p  -  7'>12  %<  «tc  ^  <5> 

(2jt)  rn  -fitu  c  ^ 

Summing  this  expression  over  the  photon  polarizations  and  integrating 
over  the  photon  and  recoil  electron  solid  angles,  the  bremsstrahlung 
cross  section,  differential  with  respect  to  frequency,  becomes 


do- 


Jir  \lic 


(v)  X  *  f  (1  - 


coe 


0  ary 


16) 


A  A 

where  P  •  P7  =  cos  0. 

For  later  work,  it  will  be  useful  to  express  this  result  in  terms 
of  the  scattering  phase  shifts.  To  do  this,  use  is  made  of  the  rela- 
tlo„  '6> 


F(e)  =  ^  £  (21  +  1)  e  1  sin  5^  P^cos  e)  (7) 

Z=0 

th 

where  is  the  phase  shift  for  the  i  partial  wave.  Keeping  only 

X' 

S  and  P  waves,  the  result  is 


6 


da.) 


1 6 

2  3 

3  in  «)  c 


[si 


2  2 
sin  5q  +  3  sin  5^ 


-  2  sin  5  sin  5-,  cos(5 
o  1  o 


(8) 
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III,  SCATTERING  LENGTH  APPROXIMATION 

In  the  limit  of  very  low  energy,  the  differential  scattering 

cross  section  becomes  spherically  symmetric,  and  the  total  scattering 

cross  section  approaches  a  constant  value.  (This  is  tine  for  all 

atomic  and  molecular  systems  which  do  not  possess  a  permanent  electric 

dipole  moment.)  In  this  limit  the  scattering  amplitude  becomes  F(o)  =  A, 

where  A  is  the  S-wave  scattering  length,  which  is  related  to  the  zero- 

2 

energy  total  scattering  cross  section  cr^  by  oq  =  A  .  Using  this 
expression  for  the  scattering  amplitude,  the  bremsstrahlung  cross 
section,  Eq.  (6),  becomes 


cut. 


B 


16  A2 
3 


(Sb)(£)  ir 


(9) 


The  region  of  validity  of  this  scattering  length  approximation  to  the 
bremsstrahlung  cross-section  will  be  determined  in  Section  IV,  where  the 
next  higher-order  term  in  the  low-energy  expansion  of  the  scattering 
amplitude  Is  taken  into  account.  (Equation  (9)  will  be  found  to  be 
valid  for  most  gases  for  electron  energies  below  about  0.1  ev. ) 

In  recent  years  there  has  been  a  great  deal  of  theoretical  and 
experimental  work  on  the  low-energy  scattering  of  electrons  by  neutral 
atoms  and  molecules.  As  a  result  of  this  work,  values  of  the  S-wave 
scattering  length  have  been  determined  for  a  large  number  of  atoms 
and  molecules.  In  Table  1  these  values  are  tabulated  for  various 
gases.  (As  defined  here,  A  Is  the  effective  scattering  length  averaged 
over  the  different  possible  spin  states  of  the  electron-atom  or  electron- 
molecule  system.  For  example,  for  electron- hydro gen  scattering. 
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Table  1 

VALUES  OF  SCATTERING  LENGTH 


Material 

Scattering  Length 

(in  units  of  a  )* 
o' 

Reference  No. 

H 

+3.35 

7 

hp 

+1.9 

8 

CL 

+1.49 

9 

n 

+1.857 

10 

+1.3 

11 

W2 

0  <  A  <:  +  0.7 

8 

0  <  A  <  +  0.5 

O 

S 

O  r7 
"C.  «  | 

12 

0 

+0.75 

15 

He 

+1.23 

9 

+1.18 

14 

Ne 

+0.32 

1 

14 

A 

- 1.7 

9 

-1.46 

15 

-1.9 

14 

Kr 

-2.1 

8 

-3.7 

14 

Xe 

-3.8 

8 

-6.2 

14 

*  &  -8 
ao  =  — p-  =  0.529  x  10  cm 

me 

•** 

See  References }  p,  21 
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A  =  -  (5  A  2  +  A  2)1^2'  where  Am  and  A0  are  the  scattering  lengths  for 
2  T  S  T  b 

the  triplet  and  singlet  states.)  Although  numerical  discrepancies  do 
exist.  Table  1  shows  that  the  order  of  magnitude  of  the  scattering 
length  is  well  established  for  the  various  gases,  with  the  possible 
exceptions  of  Ng,  for  which  sizable  discrepancies  exist,  and  0£,  for 
which  there  are  no  data. 

The  rate  of  bremsstrahlung  radiation  from  a  partially  ionized 
gas  due  to  electron-neutral  collisions  will  now  be  calculated,  using 
Eq.  (9)  for  the  bremsstrahlung  cross  section.  For  the  case  of  mono- 
energetic  electrons,  assuming  that  the  electron  velocity  is  large 
compared  to  the  atomic  or  molecular  velocity,  the  rate  of  bremsstrahlung 
radiation  per  unit  volume  of  the  gas  is  given  by 


v  n  n  duo  - — 
a  e  da? 


where  n  is  the  electron  density,  and  n  is  the  atomic  or  molecular 
e  & 

density.  This  becomes 


doj 


1 6  2  .2 

— -  e  A  n  n 
J  a  e 


2£\5/2 

me  / 


(id 


where  E  is  the  electron  kinetic  energy.  For  E  in  ev.  and  n  and  n 

a  e 

in  particles /cm,  this  becomes 
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where  a  =  — ^  =  0.529  x  10  cm  is  the  Bohr  radius ♦  (Rote  that, 

me 

for  order  of  magnitude  estimates,  A/a^  ~  1- ) 

For  a  Maxwellian  distribution  of  electrons,  the  hremsstrahlung 
rate  is  given  by 


<1PB  r  » 

— —  =  n  n  'fi«)  - —  vp  (v )  d- 

du)  a  e  fJ  dco 


(13) 


where 


p(v) 


dv  =  4tc 


m  \3/2  " 

2jtKT/  e 


2 


mv 

2KT 


2  , 

V  dv 


(i4) 


where  T  is  the  electron  temperature.  Using  Uq.  (9)  this  gives 


dxji) 


64 

“  ..n/2 

pic 


2 

e 


A 


n 

a 


n 

e 


2KT 

2 

me 


3/ 


(15) 


For  KT  in  ev, 


and  n  and  n 
a  e 


in  particles/cm 


3 


this  becomes 


— ^  =  6.04  x  lO"^  (KT)^A  n  n  (— 
duo  v  7  a  e  \  a 


(16) 


ergs/c nr  •  sec  per  rad/sec 
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IV,  MODIFIED  EFFECTIVE-RANGE  APPROXIMATION 

The  scattering  length  approximation  used  in  Section  III  is  the 

first  term  in  the  low-energy  expansion  of  the  scattering  amplitude* 

The  form  of  the  higher-order  terms  in  this  expansion,  the  effective- 

range  theory,  is  well  known  for  the  case  of  short-range  potentials. 

Recently,  a  modified  effective -range  theory  has  teen  developed  by 

(4  5) 

O'Malley,  Rosenberg,  and  Spruch,  9  which  takes  into  account  the 
long-range  polarization  effects  present  in  electron- neutral  scattering. 
In  this  section  the  results  of  O'Malley,  et  al. ,  will  be  used  to 
extend  the  calculation  of  Section  III  to  the  next  higher  order  in 
the  electron  momentum. 

The  modified  effective-range  theory  applies  to  the  elastic  scat¬ 
tering  of  charged  particles  by  spherically  symmetric  scattering  systems 
that  do  not  possess  any  permanent  multipole  moments.  It  therefore 
does  not  apply  to  molecules  which.  In  general,  are  not  spherically 
symmetric,  and  fojr  which  inelastic  channels  involving  excited  rota¬ 
tional  levels  of  the  electronic  ground  state  are  very  important  even 
at  the  low  energies  considered  here.  It  also  does  not  apply  to  atomic 
oxygen  which  has  a  permanent  electric  quadrupole  moment.  Even  for 
those  systems  to  which  it  does  not  rigorously  apply,  however,  it  is 
expected  that  a  calculation  based  on  the  modified  effective- range 
theory  will  provide  an  order  of  magnitude  indication  of  the  region  of 
validity  of  the  scattering  length  approximation  to  the  bremsstrahlung 
cross  section. 

The  zero  and  first-order  terms  in  the  low-energy  expansion  of  the 
bremsstrahlung  cross  section  in  powers  of  the  electron  momentum  Involve 
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only  the  S-wave  and  P-wave  scattering  phase  shifts.  (This  can  he 
determined  from  the  expressions  for  the  higher  partial  wave  phase 
shifts  given  in  Ref.  5.)  Using  the  modified  effective -range  theory 
and  keeping  terms  to  first  order,  these  phase  shifts  become' 


rav 


cot  5 

o 


1  jt  a  mv 

A  +  2 

3A  a  -fi 
o 


(17) 


and 


tan  5^ 


2  2 

itaia  v 
15  a 

o 


(18) 


where  a  is  the  low-frequency  electric  polarizability  of  the  atom. 

In  Table  2,  values  of  a  are  given  for  various  atoms  and  molecules. 
(Tne  polarizabilities  of  It, ,  Ng  0^,  He  and  A  were  obtained  from  the 
measured  values  of  the  dielectric  constant  e  by  use  of  the  relation 
s  -  1  =  J-Wlfc,  where  N  is  the  density. ) 

Using  Eqs.  (8),  (17)  and  (18)  and  keeping  terms  to  first  order 
in  the  electron  momentum,  the  bremsstrahlung  cross  section  becomes 


daB 


l6Af  /  e2\/v\2  do? 

3  V-Sc  Ac  /  w 


8jc  a  mv  \ 

15a  A  4  / 
o  / 


(19) 


By  comparing  Eqs.  (9)  and  (19),  it  can  be  seen  that  the  scattering 
length  approximation  as  given  in  Eq.  (9)  will  be  valid  for 
a  mv/ao  Afi  «  1,  or  (a/aQ2  A)  *  (  «  ~  .  For  helium  this 
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Table  2 

VALUES  OF  POLARIZABILITY 


Material 

Polarizability 

Q  -5<- 

(in  units  of  a 

o' 

Reference  No. 

H 

4.50 

17 

H2 

5.43 

18 

n 

7-084 

10 

N2 

11.7 

18 

0 

5.589 

10 

5-499 

19 

°2 

10.6 

18 

He 

1.39 

18 

A 

11.1 

is 

2 

me 


-pit  ^ 

=  0.148  x  10  cur 
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corresponds  to  E  «  10  ev,  and  for  atomic  nitrogen,  E  «  0.25  ev. 

For  the  other  atomic  gases  the  upper  limit  of  the  region  of  validity 
of  the  scattering  length  approximation  lies  between  these  two  extreme 

CQSGS , 

As  discussed  earlier,  Eq.  (19)  does  not  rigorously  apply  to 

molecules.  However,  it  is  expected  that  the  low-energy  expansion 

of  the  cross  section  for  the  molecular  case  should  he  of  the  same 

general  form.  Accordingly  Eq.  (19)  can  he  used  as  an  estimate  of 

the  order  of  magnitude  of  the  leading  correction  term  to  the  scattering 

length  approximation  in  the  molecular  case.  Doing  this,  for  H  the 

2 

scattering  length  approximation  is  found  to  have  the  region  of  validity 
E  «  1  ev,  and  for  N  either  E  «  1  ev  or  E  «  0.0 5  ev,  depending 
upon  which  value  of  A.  is  used. 

In  order  to  determine  the  region  of  energies  for  which  Ec.  (19) 
adequately  represents  the  hremsstrahlung  cross  section  (for  those 
systems  to  which  it  applies),  it  would  he  necessary  to  calculate 


the  next  higher-order  term  in  the  modified  effective-ran.fi 


expansion 


of  the  scattering  amplitude,  a  problem  beyond  the  scope  of  this 
Memorandum.  However,  from  the  results  of  O'Malley,  et  al.,^^  Eq.  (19) 
is  valid  up  to  about  0.5  ev  for  hydrogen.  For  other  atoms  the  region 
of  validity  is  expected  to  be  similar,  so  that  in  general  Eq.  (19) 
will  be  valid  for  spherically  symmetric  atoms  for  energies  below 


about  1  ev. 


As  in  Section  III,  the  rate  of  hremsstrahlung  radiation  from  a 
partially  ionized  gas  due  to  electron-neutral  collisions  is  next 
calculated,  using  Eq.  (19)  for  the  hremsstrahlung  cross  section.  For 
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the  ease  of  monoenergetic  electrons,  the  result  is 


al- 


B  1 6  2  .2 


,  -  _  e  A  n  n  ,  0 

dy)  3  a  e  \  2 

v  v  rac 


2H 


I  \f/2  [\  8tc M 


1  + 


TIC 


15U2yva  A/  \mc 
o 


a  V2E 

2  aAi 


1/2  “I 


(20) 


which,  for  E  in  ev,  and  n  and  n  in  particles /cm^,  'be  come  £ 
7  7  a  e  ■  ’ 


dm 


2.68  x  lo"1^  e5'/2 


n  n  i 
a  e  a 


1  +  0.459i 


/-4M  e1-'2 


la  A 
x  o 


ergs /cur  ‘  sec  per  rad/sec 

For  the  case  of  a  Maxwellian  distribution  of  electrons,  the 
result  is 


(21) 


UpB  6k  2  ,  2  /  2KT 

dm  1/2  a  e  l  2 

pot  \  me 


,  jc'  -'Y-ftc 


c  o 


2KT 

/v  wv  2 

e  /  \a  a  A  me 

o 


(22) 


which  for  KT  in  ev,  and  n  and  n  in  parti cles/cird\  becomes 
7  a  e  /  ? 


dP 

=  6.04  X  10_i|^  (KT)-f2  n  n  (- 
d «)  v  '  a  e  l  a 


1  +  o.763f-r— \(KT)X/C  1(23) 


a  ^  A 
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,1/2 


I 

'  ( 


ergs /cur'*  •  sec  iDer  rad/sec 
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V.  USE  OF  EXPER PjCNTAL  RESULTS  FOR  MOLECULAR  NITROGEN 


For  N^  the  results  previously  obtained  have  not  teen  very 
satisfactory  clue  to  discrepancies  In  the  various  experimental  deter¬ 
minations  of  the  scattering  cross  section.  Because  of  the  importance 
of  this  case  for  atmospheric  problems.  In  this  section  is  discussed 
the  bremsstrahlung  rate  obtained  from  the  two  most  recent,  and  most 
divergent,  experimental  measurements  of  the  low-energy  electron-N^ 
scattering  cross  section.  This  discussion  will  give  a  more  detailed 
estimate  of  the  electron-N^  bremsstrahlung  rate  than  the  discussion 
in  the  previous  sections,  and  will  Illustrate  the  uncertainty  in  the 
experimental  situation. 


The  experiments  in  question,  based  either  on  measurements  of  the 


electron  drift  velocity 
wave  measurements  of  el 


fa 

in  applied  electric  fields, 
ectron  siooility,  •  '  determined 


on  micro- 
momentum 


n(e) 


(1  -  cos  g)  dfl 


(2k) 


In  terms  of  the  bremsstrahlung  cross  section,  as  given  in  Eq.  (6), 
becomes 


da 


B 


a: 


d/,u 

y) 


(25) 


For  the  case  of  monoenergetic  electrons  the  rate  of  bremsstrahlung 


radiation  from  a  partially  ionized  gas  due  to  electron-neutral  colli¬ 


sions  then  becomes 
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du) 


4_ 

3* 


n 

a 


rx 

e 


x  /p 
2i?  \  J I  *- 


me 


(26) 


For  E  in  ev. 


and  n^  and  in  particles /cm  , 


this  becomes 


dP. 

do.) 


E 


-  8.42  x  10' 


J+3  v5/2 


(27) 


ergs  /cm"'1  .  sec  per  rad/sec 

where  the  values  of  a,Ara  ^  for  IF  obtained  from  Refs.  9  and  12  are 

d-  o  2 

plotted  in  Fig.  1.  From  the  figure.,  it  can  be  noted  that  at  very  low- 
energies  there  is  a  factor  of  10  uncertainty  in  the  bremsstrahlung 
rate  from  N0. 

As  discussed  in  Section  IV,  if  the  experimental  results  of  Pack 
(9vi 

and  Phelps  '  are  correct,  the  scattering  length  approximation  for 

I-L  begins  to  fail  for  E  ~  10  ^  ev.  However,  if  the  experimental 

(12) 

results  of  Anderson  and  Goldstein  are  correct,  the  scattering 
length  approximation  is  valid  up  to  at  least  E  —  10~“~  ev. 


Dm.  /  Px 


Fig.  I — Momentum  transfer  cross  section  for  N2 
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VI.  COMPARISON  OF  ELBCTR ON- NEUTRAL  AMP  ELECTRON-  ION  ERKMSSTRAIilUNG 

In  a  partially  ionized  gas,  electron-neutral  bremsstrahlung  and 
electron-ion  bremsstrahlung  are  competing  processes.  It  is  Inter¬ 
esting  to  determine  which  is  the  dominating  bremsstrahlung  process 
for  various  degrees  of  ionization.  In  the  soft-photon  limit,  «  KT, 

and  for  the  case  of  low-electron  energies,  KT  <  700  ev,  the  rate  of 
bremsstrahlung  radiation  due  to  electron-ion  collisions  is  given  by^20^ 


dP. 


ion 


du) 


16  2  2  2  ( 2mc 

—  e  r  n  n.  Z  l  — — 
3  e  e  i  \  jrKT 


1/2 


In 


t  ^  KT 


(r-T 

'  o' 


(28) 


where  r  ~  e^/xnc^  =  2.82  x  10  ^  cm,  E  -  me  1  =  27*21  ev,  n.  is 

the  Ion  density,  Z  is  the  ionic ■ charge,  and  a  Maxwellian  distribution 
of  electrons  has  been  assumed. 

If  the  scattering  length  approximation,  as  given  in  Eq.  (13), 
is  used  for  the  rate  of  electron-neutral  bremsstrahlung,  then  the 
ratio  of  the  electron- ion  bremsstrahlung  rate  to  the  electron- neutral 
bremsstrahlung  rate,  R  -  (dP^^/dj.; ) /(dP^/dco),  becomes 


R  = 


,  (  2\k  n.  Z,2  /a  \2  /  2 

1 1  \  l  [  o\  I  me 

B  \4ic )  n  \A  /  \KT 


In 


v-m  A 


n  -,7  KT  / KtY 
\  of 


(29) 


2  2 

In  Pig.  2  the  quantity  R(n/Zn.)(A/a)  is  plotted  for  various 

a  i  o 

values  of  KT  and  Hco/KT.  From  these  results  the  relative  importance 
of  electron-ion  and  electron- neutral  bremsstrahlung  can  be  determined 


for  a  wide  range  of  physical  conditions. 
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Fig.  2  —  Comparison  of  electron-ion  and 
electron-neutral  bremsstrahlung  rates 
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